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Introduction to the School Based Teacher 
Development II (SBTD II) programme for teachers of 
Grades 7–12
The School Based Teacher Development II (SBTD II) programme is key to UNRWA’s 
Education Reform Strategy. The programme seeks to improve teaching and learning 
practices in UNRWA classrooms through developing interactive pedagogies (ways of 
teaching) that will engage students of Grades 7–12 more effectively in their learning. 
Together, the SBTD II programme for teachers of higher grades and SBTD for teachers 
of Grades 1–6, are paving the way for comprehensive in-service training for all UNRWA 
teachers. There are six Learning Modules in the SBTD II programme. Each Module 
focuses on a different aspect of teaching and learning with a specific focus on the 
teaching of Maths, English, Science and Arabic for Grades 7–12. Together, the Modules, 
Units, Activities and Case Studies in the SBTD II programme provide an overview of 
many different approaches and ways of developing quality teaching and learning in all 
classrooms in UNRWA schools. 

The SBTD II Modules are interactive and ask you, the teacher, to reflect on your 
practices, to try new approaches and to consider the impact of these approaches and 
practices on your students’ learning and motivation. 



Module 4: Unit 13 iii

Introduction to Module 4: Issues specific to teaching 
and learning in Maths
If you are following this programme alongside colleagues from other subjects, you will 
notice that this Module is different from the others in that it addresses themes that are 
of particular importance to the teaching and learning of Maths. The Module will look 
at how the nature of Maths informs how it might be presented to learners in schools 
and how your own ideas on the nature of Maths not only inform how you teach it, 
but also how effective you will be. Each of the Units will deal with different aspects of 
Maths teaching but always with the aim of building the competencies of the UNRWA 
framework and developing learners who are critical and creative thinkers and can learn 
and think independently. 

Unit 13: Teaching about the nature of Maths within the UNRWA 
Curriculum Framework
The first Unit in Module 4 begins by considering how the nature of Maths impacts on 
the teaching of the subject. It then discusses how a Maths curriculum can be designed 
within the UNRWA Curriculum Framework. You will reflect on your thinking about 
the nature of Maths, taking account of its history, development and significance as a 
subject of study in its own right and as a powerful tool for applications. Case Studies 
show how the nature of Maths can be incorporated into classroom teaching, giving 
students the chance to experience the power and significance of Maths, linked to the 
UNRWA Curriculum Framework. You will plan learning experiences that allow your 
students to experience these ideas.

Unit 14: Thinking mathematically: embedding exploratory Maths
This Unit will consider how higher-order thinking skills (HOTS) in Maths can be 
developed systematically, through ordinary classroom teaching. Case Studies will show 
how problem solving and mathematical investigation can be embedded into every 
lesson, developing practices that will enable students to approach mathematical tasks 
confidently and flexibly. Activities will focus on task design and structure, requiring you 
to plan and develop lessons supporting your students’ thinking.

Unit 15: Investigating mathematically: developing mathematical 
thinkers
This Unit will engage with the use of open mathematical tasks to specifically 
develop higher-order thinking skills directly and to apply curriculum Maths to 
solve mathematical problems. Case Studies will present situations where students 
investigate mathematical situations, supported by their teacher while preserving the 
openness of the task. These tasks are often referred to as mathematical investigations 
and the Activities will focus on finding and developing published investigations and 
developing plans and supporting materials to use them effectively in class.
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Unit 16: Applying Maths: cross-curricular skills in Maths
This Unit considers the nature of applied Maths. It looks at how rich mathematical 
applications can be developed for classroom use, preserving the focus on the skills 
of mathematical modelling which form the basis of applied Maths. Case Studies will 
present examples where ideas from across the curriculum can be drawn on to develop 
these skills. They will show how literacy and ICT skills (as well as numeracy) can be 
supported in the Maths classroom and the Activities will allow you to develop these 
skills in your teaching.
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Module 4 Unit 13: Teaching about the nature of Maths 
within the UNRWA Curriculum Framework
Introduction
If we were to ask people what we mean by ‘Maths’, we would get a very wide range 
of views. To the general public and the media, it is hard to separate the terms Maths 
and arithmetic. Being ‘good at Maths’ is generally seen to mean being good at and 
dealing confidently with numbers. As a mathematician, this is certainly important, but 
mostly from the point of view being able to see patterns and relationships in numbers, 
rather than in combining them. Shopkeepers and accountants would probably use 
calculators or spreadsheets to actually do the calculations they need. A mathematician 
by contrast would see Maths as the framing and proving of theorems based on the 
symbolic systems that they work with. Making a complete, efficient, logical argument 
is the most important feature. Many mathematicians consider their work as an art, 
based on inspiration and insight. Then, we have the engineers, the economists and 
the scientists who use aspects of Maths to support their work. They take mathematical 
models that show valuable data for relationships in the systems they are working 
on, for example in practical physics (physicists), predicting economic growth rates 
(economists) or designing bridges (engineers).

Muhammad ibn Mūsā al-Khwārizmī’s book Kitāb al-jabr wal-muqābala organised 
and structured general algebraic statements in a highly organised way and thus 
became the basis for spreading these ideas. This was repeated in the modern era by 
a group of French mathematicians working under the pseudonym of Bourbaki who 
designed a completed curriculum in ‘Pure’ Maths based on the axioms of set theory. 
This became highly influential as the ‘New Maths’ in the 1960s onwards. Here, Maths 
is seen as complete, rigidly structured, but highly interconnected. By contrast, the 
poet and mathematician Omar Khayyám sought to critique the postulates of Euclid, 
leading to completely new areas of Maths. Some have suggested his work led to the 
development of non-Euclidean geometries. Similarly, in opposition to the Bourbakiists, 
the Dutch mathematician and educator Hans Freudenthal (1973), saw Maths as 
coming into being as the work of the mathematician. He wanted students to become 
mathematicians in schools by creating their own Maths, by exploration and discovery.
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A study investigated the views of the teachers about the nature of Maths in order to 
determine the effectiveness of Maths teachers. The outcomes of the study suggest that 
teachers who believe Maths to be a set of interconnected ideas, rather than a series 
of facts to be memorised, were most effective in their teaching. (Askew et al., 1997). In 
this Unit, you will reflect on your own view of Maths and look at classroom activities 
that aim to give your students an insight into how mathematicians work. You will also 
look at how these activities fit into the UNRWA Curriculum Framework.

Teacher Development Outcomes
By the end of this Unit, you will have developed your:

•  awareness of how the nature of Maths relates to the UNRWA Curriculum 
Framework;

•  understanding of how your planning and teaching of Maths can help to develop 
students’ mathematical skills, attitudes and understanding;

•  understanding of how your planning and teaching of Maths can promote the 
aims of the UNRWA Curriculum Framework.

In this first Activity, you will examine your own views of Maths as an object of study 
and as a source of tools for application and consider how we present it to our students.

Omar Khayam (Wikimedia Commons Licence) From al-Khwārizmī's Algebra (public domain)
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Activity 31

Look at the statements in the table below. Use the five-point scale to decide how 
far you agree with each statement. Then write a short paragraph summarising 
your views about Maths.

1 2 3 4 5
Disagree 
strongly Disagree Not sure Agree Agree 

strongly
1 The most important element 

of Maths is having secure 
arithmetic skills.

2 A wide-ranging 
understanding of number 
relationships is important for 
developing mathematical 
thinking. 

3 Mathematicians solve ‘real-
life’ problems as part of their 
work.

4 Finding and proving new 
results based on existing 
Maths is the principle aim of 
the mathematician.

5 Applied Maths requires using 
mathematical models to 
generate new data to inform 
problems generally from 
outside of Maths. 

6 Real-life problems can 
be solved by the direct 
application of mathematical 
formulae.

7 Maths is a consistent and 
logical structure of knowledge 
built on agreed foundations.

8 Maths is a collection of 
definitions, rules and 
techniques to be learned and 
practised.

9 The basic principles of 
Maths are open to critique, 
which can lead to new 
developments in Maths itself.

10 New Maths comes into being 
as an act of creation, needing 
inspiration and open thinking.

11 The most important part of 
developing new Maths is not 
the answer or outcome but 
the new ways of thinking in 
getting there.

12 Maths consists of a set 
of ideas that are strongly 
interconnected and can be 
represented in many different 
ways.
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Comment
The statements chosen in the table above were selected to reflect the introduction to 
this Unit and the presentation of Maths given here. Many of your colleagues will have 
strong views about the nature of Maths as being fixed and predetermined, suggesting 
that the best way to teach it is just be to make sure students understand it and practise 
it sufficiently. However, this is certainly not the experience of mathematicians, nor 
indeed of the scientists and engineers who apply Maths. It is an often uncertain and 
difficult task to choose the correct Maths and interpret the outcomes, or indeed to 
have that all-important new idea to move the work forward.

Mathematicians are engaged in critical, creative thinking and this is also the first of the 
student competencies in the UNRWA framework. Indeed the details of the Curriculum 
Framework read exactly like the work of the mathematician:

However, to achieve sophisticated outcomes such as these, you will need to plan 
carefully using a range of tasks that can effectively support and sustain the apprentice 
mathematicians that you will develop.

Engaging students in the nature and purpose of Maths
The UNRWA Curriculum Framework emphasises a pride in identity, culture and 
heritage. Maths is often presented as a subject set apart from the world at large, as a 
collection of dry rules to be learned and practised. However, Maths through history has 
only developed because of the work of people who found their passion in engaging 
with mathematical problems that did not then have solutions. 

Talk to other teachers of Maths about their views. If possible, discuss these issues 
with at least one other teacher also doing the SBTD II programme. To what 
extent do you agree on these statements with other teachers? Use the responses 
that you get from other teachers to help you in composing your paragraph 
summarising your views. 

Students learn to use their minds creatively, effectively 
and independently, to solve problems rationally and to 
develop new ideas. They:

•  plan and carry out investigations, using a range of 
sources to find information

•  sort and analyse information and come to 
conclusions

•  suggest and develop solutions to problems, using 
their imaginations to create new approaches

•  evaluate different suggested solutions.
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It is important to provide opportunities for students to explore and develop their own mathematical 
thinking.

Now read Case Study 25, which describes the experiences of one teacher aiming to 
induct her students into the nature and purpose of Maths, using sources from the 
history of the subject.

Case Study 25
Nadira was teaching Maths in Hussein Preparatory Girls’ School in Jordan. She wanted 
her students to see how Arabic scholars had played a vital role in describing and 
developing the Maths that they were studying in school. She also recognised that all of 
the mathematicians whose names appeared in the textbooks were men (for example 
Pythagoras, Fibonacci and Pascal) and she wanted to make sure that her students 
were confident in the belief that studying Maths was something they should be proud 

In your teaching, it is very important to awaken this passion in your students. The 
history of Maths has often been presented as dominated by European men, but the 
importance of other cultures and of women has been central to its development. Every 
topic in Maths can be brought alive by introducing the characters and their stories that 
have made key developments. As we have already seen, the history of Islamic Maths is 
rich in these developments.

Equally, the nature of Maths is about creativity, exploration and discovery. Developing 
critical and creative thinking, and constructive learning are key competencies in 
the UNRWA Curriculum Framework. Hence, the study of Maths is a powerful tool for 
developing these competencies, but only if the nature of Maths is brought out in the 
teaching. Over the course of this Module there will be many examples of tasks that 
foster these aims. However, as a teacher, you will need to be sure to introduce all topics 
in a way that provides opportunities for students to explore and develop their own 
mathematical thinking. You need to facilitate learning – to engage your students in the 
Maths – rather than simply teach them directly.
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to pursue, so she investigated some notable women in the history of Maths, such as 
Hypatia of Alexandria and Emmy Noether. 

She found two websites that were particularly useful in giving detailed information 
about Arabic Maths and women in Maths:

1. Wikipedia (www.wikipedia.org), which works in many languages including 
English and Arabic. Nadira started searching for a page called ‘Maths in Medieval 
Islam’. This provided links to all of the material she needed.

2. The History of Maths Archive (www-history.mcs.st-and.ac.uk). Here, Nadira looked 
in the History Topics Index and found an article on Arabic Maths. 

In class, Nadira grouped her students into fours. She asked them to produce a poster 
about one mathematician. She gave them a list to choose from, which included al-
Khwārizmī, Omar Khayyám, Hypatia and Emmy Noether, but also Ibn al-Banna' al-
Marrakushi who used an algebraic notation. 

Students were allocated roles in the task according to their particular skills:
• an artist to draw an illustration based on the mathematician’s work;
• a historian to write a summary biography of their life and work;
• a first mathematician to say what important development they made in Maths;
• a second mathematician to construct an example of some Maths that they 

worked on.

The posters needed to include each of these four elements. Nadira produced a short 
summary for each of the mathematicians from her own research. However, Nadira had 
access to one computer only, so to help her students arrive at their conclusions she 
distributed her summaries to the groups to get started and then one member of the 
group was allowed to come and ask her specific questions about their mathematician, 
that she would then find answers to. At the end of the lesson, students were given 
details of the two websites. Any remaining questions were then researched outside of 
school by group members who were able to get internet access. The groups completed 
their posters in the second lesson. The posters were displayed and the groups then 
went round the class looking at each poster in turn. 

Comment
The mathematicians that Nadira researched generally developed Maths that was much 
more sophisticated than the work students do at school. Nonetheless, the pivotal role 
played by these mathematicians in the development of symbolic algebra and the 
relationship between algebra and geometry can be sufficiently understood by looking 
at the histories. 

In this way, Nadira’s students were able to appreciate the importance of their cultural 
heritage in the history of Maths. Also, they saw how Maths develops through the work 
of mathematicians and is not fixed. Finally, they appreciated how very sophisticated 
Maths was being worked on long ago. The work involved limited and controlled access 
to internet resources developing their competence through a managed research 
activity. This also provided opportunities for students to develop their communication 
and literacy skills. The students worked well in their groups and enjoyed taking specific 
roles to match their expertise and interest.

Now try Activity 32, which will prepare you to undertake a similar activity to Nadira’s.
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Why teach Maths?
Throughout the world, Maths takes a central place in school curricula. However, when 
teaching Maths, the reasons for studying it and the importance of understanding 
the subject content are not often explained. When we teach students to appreciate 
poetry, then it is clear that this is to provide them with a way into a complex and vital 
art form; when we teach them about history, it is to induct them into how their society 
and world societies have functioned and thus to help them understand their place in 
the world and learn from the past. But with Maths, we are often tempted to justify it in 
terms of its immediate utility. 

Activity 32

Visit the two websites mentioned in the Case Study above and follow up 
the articles that Nadira used. Make a set of summaries for each of the key 
mathematicians that Nadira investigated. For each of the mathematicians, you 
will need:

1.  a short timeline/biography;
2.   some examples of the Maths that they worked on;
3.   some notes on the importance of their contributions to the development
      of Maths.

You will find that there are many other excellent resources that you can use 
to extend what is available on the two sites mentioned. Searching for Arabic 
Maths, Islamic Maths and Women in Maths will all quickly provide a selection of 
resources. 

You will need to produce a sufficient set of summaries for your class, so that 
each group of four will be able to research a different mathematician. You can 
decide how detailed your summaries can be according to how much internet 
access you think your students will be able to get. It is important that students 
consider a specific question to answer that they can ask you or research online 
independently, so your summaries must not be too complete. 

Finally, the Maths studied by these mathematicians will almost always be at a 
level above what your students will be studying in the curriculum. So, in each 
case, find an example of a simpler case to those they were working on. For 
example, Sharaf al-Dīn al-Țūsī used a method for determining the solutions of 
cubic equations (whether in a particular case, they had two, one or no solutions). 
Depending on where they are in their work, students could answer this question 
in the case of linear or quadratic equations.

You should take your summaries and manage a lesson for your own students 
along the lines of Nadira’s lesson. After the lesson, invite your colleagues to see 
your students’ work and invite them to share other stories that they know about 
important developments in the history of Maths.
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Certainly people do combine numbers in their daily activities, although the evidence 
suggests that they often do this differently to the way they learned at school. It would 
be rare indeed to use Maths beyond the basic arithmetic taught in primary schools. So, 
why do we learn algebra, geometry and the other skills that make up Maths courses in 
high schools?

In the first instance, Maths is a lot like history and poetry. We have looked at the 
sophistication of the Maths studies in medieval Islam, by scholars who were often not 
acting through any hope of a direct application of their work, but simply to develop 
their area of knowledge. Maths is full of beautiful and astonishing relationships. 
The fact that the five fundamental constants in number, being 0, 1, π, e and i, are 
all interrelated by one simple relationship eiπ+1=0 is an extraordinary thing. The 
recurrence of the Chinese Triangle (called Pascal’s triangle by Europeans who 
forget where it was first written about) with lines 1; 1 1; 1 2 1; 1 3 3 1; 1 4 6 4 1 etc. is 
fascinating and strange. 

However, throughout the history of Maths, vital applications have been found. The 
ancient Egyptians devised tables of additions of unit fractions to help their scribes 
do commercial bookkeeping. Throughout history, the stars have been mapped and 
their movements described by Maths and trigonometry developed as an aid to using 
these maps for intercontinental travel. It would be hard to imagine the modern world 
without the sophisticated Maths used to develop engineering, economic and scientific 
solutions that shape the world we live in. 

In developing young mathematicians, you need to ensure that your students 
experience the joy in discovering the beauty of Maths, while at the same time 
engaging with rich and powerful applications.

Maths lessons should provide opportunities for students to experience joy in discovering the beauty 
of Maths.

Now read Case Study 26, which describes how one teacher used creative ways to let 
her students explore number patterns.
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Case Study 26
Sanaa was teaching in Sakhra School, a co-educational school in Lebanon, and wanted 
to let her students explore number patterns. 

She grouped her students into pairs and gave them each a large handful of pebbles. 
Sanaa then gave each pair one of the following tasks: 

With the pebbles provided: 
1. make lines and rectangles; or 
2. make squares and (right/isosceles) triangles. 

Sanaa had a poster with the instructions ready for the lesson, which also provided 
some graphic examples of the tasks: 

Group 1
1. Make lines of pebbles. Only for numbers with no other 
shapes possible. E.g. О О О О О 1×5

2. Make rectangles, at least 2 rows wide. Make all possible 
rectangles for the number. E.g.  О О О   2×3, 3×2

       О О О 3. If any side of a rectangle can itself be made into a 
rectangle, split it until you can’t.

E.g. О О О О  2×4, 4×2 splits into О О О О 2×2×2
  О О О О О О О О

 Make a table like this, going as far as you can:

Group 2
1. Make triangles (they must be right-angled AND isosceles)

E.g.  О    1+2+3
  О О
  О О О 
2. Make squares (divide your squares into two triangles from 

set 4)
E.g.  О О О 3×3  splits into О    О О 1+2+3 and 1+2
  О О О    О О      О 
  О О О    О О О 

1 2 3 4 5 6 7 8 9
Lines 1×5
Rectangles 1×1 2×3, 

3×2
Maximum 
split

2×2×2
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 Make a table like this, going as far as you can:

1 2 3 4 5 6 7 8 9
Squares 3x3
=2 triangles 1+2+3

and
1+2

Ttriangle 1 1+2+3

She asked each pair to prepare a presentation showing their findings. Each pair 
needed to state anything they had noticed and give a clear example to show it. Sanaa 
moved around to each pair and listened to what they were discussing and how they 
were completing the task. She knew that some students would not think a square was 
also a rectangle or that 1×1 was a square, so she looked out for this and questioned 
students who had not included them. She also looked out to make sure students had 
included all of the rectangles.

When students gave their presentations, Sanaa was particularly looking out for these 
key conclusions:

• When rectangles are split up to the maximum, the numbers involved are all lines.
• Every square can be made out of the next two smaller triangles.

Students were not yet using the correct technical terms, so at this point Sanaa 
introduced them to the key vocabulary by writing this on the board: 

Sanaa felt that her students were starting to see that all of these numbers were 
interrelated and that primes were the building blocks of all numbers. She told her 
students that one of the oldest and best known unsolved problems in Maths is a very 
simple idea about prime numbers. She told them that there is a US$1 million prize for 
the first person who can prove it!

It is called Goldbach’s conjecture and it says: Every even integer greater than 2 can 
be expressed as the sum of two primes. For example, 4=2+2, 10=3+7 and 10=5+5. For 

The lines are called prime numbers and we need to remember that 
1 is NOT a prime. The rectangles are also called composite 
numbers because they are composed of primes.
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homework, she asked students to explore even numbers and the different ways they 
could be expressed as primes and see if they could find any that could not.

Comment
Sanaa’s real aim with her class was to get them to see the most fundamental building 
blocks in number theory and to see how different numbers could be composed of 
numbers of other types. In this way, students gained an appreciation of the nature 
of number theory. This was sufficient to introduce them to one of the most famous 
problems in Maths. The existence of a very valuable international prize may be a 
distant hope, but Sanaa was excited to show her students how much the international 
community cares about solving Maths problems that students can understand. 

In this way, by introducing the concept and its international acclaim, Sanaa’s students 
became part of an international community of Maths enthusiasts who are interested to 
engage with mathematical problem solving!

The next Activity in this Unit will point you to a range of other opportunities to engage 
with Maths and share these opportunities with your students.

Activity 33

Another famous unsolved problem in Maths is called the Riemann Hypothesis. 
This is much more complicated to describe than Goldbach’s conjecture. 
However, it is essentially a description of the gaps between the prime numbers. 
It is interesting to note how often prime numbers come in pairs (like 11, 13, but 
also 269, 271 and 17387, 17389).

Read the article at https://plus.maths.org/content/music-primes and prepare a 
summary that you can share with your students. They can then explore the gaps 
between the prime numbers for themselves.

Also, you could sign up for the Great Internet Mersenne Prime Project (GIMP) 
at www.mersenne.org . Any low-powered computer can be involved in the 
search for the next Mersenne Prime. These are prime numbers generated by 
2p-1, for example 26-1=31 which is a prime number. It does not always work, but 
it has been very successful at finding very large primes and so enthusiasts are 
encouraged to share their computer’s processing time to find even larger ones. 
Your students can be involved by making posters to encourage others to be 
involved. 

You should investigate different ways to get involved in the international Maths 
community and offer these opportunities to your students. Make a calendar 
in your Programme Notebook of all of the possibilities in the year and share 
these with your colleagues in school and other Maths teachers on the SBTD II 
programme. Here are a few further suggestions:

• National Pi Day (14 March) is a good focus for Maths activities.
• World Maths Day (the first Wednesday in March) is an international Maths 

contest.
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Summary
In this Unit, you will have developed your awareness of how the nature of Maths 
relates to the UNRWA Curriculum Framework, by being based on critical and creative 
thinking. You have seen how your planning and teaching of Maths need to take 
account of the nature of Maths in order to meet the aims of the UNRWA Curriculum 
Framework. The teaching must be learner centred, active and practical to encourage 
independent thinking. You have seen how the nature of Maths itself supports these 
aims.

You have also developed your planning and teaching to develop students’ 
mathematical skills, attitudes and understanding of how mathematicians work, 
looking at key figures and problems in the history of Maths, supporting your students’ 
view of themselves as mathematicians and of their cultural heritage.

• Project Euler (projecteuler.net) is a Maths problem-solving website.
• Plus Maths (plus.maths.org) is a wide-ranging Maths magazine for young 

people.
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Module 4 Unit 14: Thinking mathematically: 
embedding exploratory Maths
Introduction
The role of an effective Maths teacher is based on the idea that knowledge is not 
received from the outside; rather, it is created as students adapt to and make sense 
of their own experiences. This is known as a social constructivist theory of learning. 
These perspectives have their roots in Piaget’s work – i.e. a mathematical concept 
is constructed or understood by the students when it fits with students’ real-world 
experiences. Vygotsky emphasised the relationship between thought and language. 
His idea of the teacher providing a scaffold (which students climb to see the next level 
of learning) is a powerful metaphor. Reaching this next level can only be achieved 
through a rich pedagogy and a dedicated teacher providing the key input, when 
the student has reached the top of the scaffold and is therefore ready for this move. 
Jerome Bruner emphasised the power of rich mathematical tasks for students to 
investigate and explore as a mechanism to develop their thinking up to that next level. 

Students’ intellectual thinking and their social development, it has been argued, are 
supported when they interact with materials, rationalise mathematical tasks, negotiate 
their meanings, make sense of peers’ and teachers’ meanings, resolve conflicts and 
offer justifications. Their engagement in such processes helps them to understand 
abstract concepts and discover rules and formulae in a secure learning environment. 
This raises their confidence and sense of positivity, which is required to lead their life as 
responsible citizens of the society.

Maths teaching is not only a vocation, but also a moral responsibility. In order to 
engage students in discovery and construction of knowledge, a teacher needs to listen 
to their students, understand their level of thinking, set relevant tasks, and analyse 
the outcomes of the tasks in order to understand how students construct meaning. In 
this way, your role as a Maths teacher shifts from ‘delivering’ information to planning 
investigative tasks, managing a co-operative learning environment and supporting 
students’ creativity in the construction of mathematical knowledge. 

As an effective Maths teacher, you are responsible for planning and providing a 
learning environment in which students’ creativity, critical thinking, confidence and 
curiosity are developed and enhanced. 



14

It is important to listen to your students, understand their level of thinking and set relevant tasks.

Teacher Development Outcomes
By the end of this Unit, you will have developed your:

• understanding of how higher-order thinking skills (HOTS) can be developed 
through appropriate planning for regular classroom teaching;

• awareness of a range of different activity types and how to include them in your 
lessons;

• understanding of how your teaching and classroom management can allow your 
students to develop as independent learners. 

The following Activity is designed to help you find out how you see yourself as a Maths 
teacher.

Activity 34

In the chart below, there are 20 statements about the practices that a good 
Maths teacher usually follows in order to help students to develop mathematical 
thinking and conceptual understanding. Tick one of the five boxes for each 
statement; these boxes range from ‘Very often’ on the left to ‘Never’ on the right. 
As you work through the statements, consider;

• why you think what you have said;
• what evidence you have for justifying your practices;
• the practices that you rarely or never follow. Why is this?
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Perspectives and practices Very often Often Sometimes Rarely Never
1. I have high expectations of what 

my students can achieve in a Maths 
classroom.

2. I create situations that encourage 
students to go for depth and quality 
rather than conceiving Maths 
as solving a series of textbook 
questions or memorisation of rules. 

3. I plan lessons that enable students 
to build on their own skills, interests 
and experiences.

4. I share learning objectives and 
explain the purposes of lessons/
activities clearly.

5. I give clear, precise descriptions, 
explanations and instructions when 
required. 

6. The ethos in my classroom is friendly, 
collaborative and supportive rather 
than individual and competitive. 

7. I provide students with opportunities 
to explain their own ways of 
thinking to the whole class when 
solving mathematical problems.

8. I listen to students’ ideas and 
make efforts to understand their 
reasoning. 

9. I ask questions that support and 
develop students’ mathematical 
thinking and expressions of 
thinking.

10. I manage and encourage 
discussions in small groups and with 
the whole class.

11. I encourage students to ask 
questions that allow discussion of 
alternative viewpoints. 

12. I help students to make connections 
between their ideas.

13. I provide opportunities for students 
to explain and justify their thinking.

14. I provide time for independent work 
along with group and peer work. 

15. I use physical and practical 
materials to provide different ways 
of seeing Maths in my presentations 
and student activities.
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16. I acknowledge and appreciate my 
students’ achievements, praising 
them when they are successful and 
when not, scaffolding their learning 
rather than scolding them.

17. I assess my students’ learning in 
lessons and outside and provide 
constructive feedback to facilitate 
their learning. 

18. I make sure that all students 
participate and that they all enjoy 
their mathematical learning. 

19. I evaluate my teaching and use this 
as a learning opportunity to improve 
my teaching practices and student 
learning outcomes. 

20. I discuss my success stories and 
challenges as a Maths teacher with 
other teachers so that we can learn 
from and with each other. 

Look at your answers and notice whether they are mostly at either the ‘Very 
often’ or the ‘Never’ side of the table. What would you say about the results? 
What would you like to improve? Write your reflections in your Programme 
Notebook.

If possible, meet up with another Maths teacher who is also doing this 
programme. Compare their responses to the statements and their paragraph 
with your own. How far do you agree with them? Use the analysis of your 
practice as a Maths teacher to write down a personal statement using these 
questions as a guide: 

• What is Maths? 
• How should students learn Maths? 
• How would I define myself as a Maths teacher?

Learning through investigation
In order to embed the nature of Maths into students’ experience of the subject at 
school, it is necessary for you to see open, exploratory tasks as a normal part of your 
teaching. In the Activity above, you considered the extent to which you use the sort of 
practices that can support this. If students are to explore, they need access to physical 
materials to look at variation and ‘play’ with the mathematics. They need opportunities 
to discuss and share ideas with their peers in pair and group work. They need sustained 
time for independent work to develop their thinking. All these things need to be part 
of the regular experience of learners. 

As this Module progresses, you will see a large range of activities that provide 
opportunities for students to explore their Maths and to systematically develop their 
higher-order thinking skills. Ensuring that all tasks have some openness – and most 



17Module 4: Unit 14

Now read Case Study 27, which describes how one Raghda embedded investigation 
and problem solving into her teaching of a standard curriculum topic.

Case Study 27
Raghda, a Grade 8 Maths teacher in Hussein Preparatory Girls’ School in Jordan, aimed 
for students to investigate the relationship between the side lengths, surface areas and 
volumes of different three-dimensional shapes enlarged by a scale factor. 

The week before the lesson, Raghda asked her students to collect an empty cuboid 
packaging box and bring it to the lesson the following week. She collected some of her 
own for demonstration and for students who could not bring one. 

especially that the introductory task for any new topic is very open in its scope – 
should be part of your planning. Then you need to plan to ensure that students have 
sustained time to pursue the activity for themselves, individually and in pairs/groups.

Discussing ideas with peers in pair and group work will develop students’ higher-order thinking 
skills.

Examples of empty cuboid packaging boxes.
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In the lesson, students worked in groups of four, with scissors and rulers available 
for each group. Students drew a 3D sketch of their box and labelled it with accurate 
measurement of the three dimensions. They then calculated the volume and wrote 
this down. Students then cut the box down its edges so that it would lay down flat on 
the table in one piece and made a sketch of this. They then calculated the total surface 
area of the box, labelling each part and the total on their sketch.

Raghda had provided a template for summarising their results. She explained that the 
extra column would be needed later.

She asked them to show their work to others in the group and explain their 
calculations. Group members were encouraged to check and correct the work of 
their group. While they were doing this, Raghda went around checking that students’ 
calculations were accurate and that they had used the correct units. When she noticed 
that some students were close to finishing, she wrote a ‘challenge’ question on the 
board telling students to discuss it in their group when they were finished:

Length Depth Height Surface area Volume

Cereal manufacturer problem 
A manufacturer of breakfast cereal makes a 500g pack. They 
want to make a new larger 1kg size. The box will be in the same 
proportion as the existing box. By how much should they 
enlarge the length, width and height of the box? By how much 
will the amount of card have increased to make the new box?
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When all students had completed their initial calculations and each group had at least 
some time discussing the problem, Raghda set up a class discussion. First, she clarified 
the key details of the problem: 

Raghda then asked each group in turn to say what enlargement they thought was 
needed and explain their reasoning. She did not comment on any of the thoughts, but 
wrote a brief summary of each different offering on the board. She wrote next to each 
summary how many groups agreed with that idea.

Raghda then reminded her students about the extra column in the template she had 
provided. She asked students to give it the extra column the title ‘scale factor’ and 
challenged her students to fill the extra column with results from the following task:

She asked students to work individually on this task, but to remain sitting in their pairs 
and to check their partner’s work when each line was complete. Raghda again moved 
around the room, checking students’ work and providing support where necessary. 
When she found a completed line in a student’s work she would ask them: ‘By what 
scale factor has the surface area increased? How about the volume?’ When she found 
a student had made a generalisation, she asked them to explain their reasoning and 
justify it with an example. 

Towards the end of the lesson, Raghda encouraged the groups to explain their 
findings. She then presented her own box and made a table on the board using its 
dimensions. She asked students from around the class (choosing to ensure everyone 
had participated) to calculate the surface area and volume, and then the new 
dimensions, surface area and volume after increasing length, width and height by 
different scale factors.

She finished with a conclusion, which students wrote into their books: 

500g to 1kg is scaling up the volume by a factor of 2. 
‘In the same proportion’ – the meaning of ‘increasing 
by a scale factor’ – means length, width and height 

increase by the same factor … 

Investigate the effect on the surface area and the 
volume of a cuboid by increasing the length/width/
height by different scale factors. Make new rows in 
your table to try different scale factors. Start by 

increasing them by a scale factor of 2, then 3, then 4, 
then others. Try fractional scale factors. Try to find a 

general rule.
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Finally, as they were ready to leave, Raghda reminded the students of the problem of 
the cereal manufacturer and asked them to prepare an answer for the next lesson.

In the next lesson, Raghda summarised the work so far with some students saying 
that doubling the volume needs an increase of ∛2≈1.26 in each linear dimension and 
therefore an increase of (∛2 )2=23/2≈1.59 in the surface area. She presented her 
summary using three boxes she had made from card: a small box, one with double 
each dimension and a third with each dimension increased by a factor of 1.26. By filling 
the small box with rice, she showed her students how many times bigger the larger 
boxes were. This made a very dramatic and surprising demonstration.

Comment 
Raghda incorporated a large number of the features of exploratory and problem 
solving in her lesson. She was aware that this new way of working was unusual and at 
times difficult for both her, and for the students. She knew that her students would ask 
her to tell them what to do and to explain every step to them along the way. Exploring 
and investigating would feel strange to them and they would be unsure. But knowing 
this, Raghda was able to plan for it. 

Importantly, Raghda resisted the temptation to tell the students everything, and made 
sure to leave her students, as far as possible, to do the thinking for themselves. She 
knew this would take time, and that her students would require many attempts at 
this way of working before they became used to it. But she also knew that this is what 
her students really needed – to be exposed to the thinking process and investigating 
Maths in order to really learn. 

The most important part of this Case Study is that instead of telling students the 
formula for the scale factor increase of surface areas and volumes, Raghda gave her 
students an activity to explore and draw conclusions for themselves. She presented the 
formula and students took notes for their records, but only after they had the chance 
to develop this conclusion for themselves. After discussing the conclusion to the cereal 
manufacturer’s problem, Raghda needed to give time to review the formulae, and to 
give one or two worked examples to her students to practise individually. Remember: 
independent practice is most successful only when students have developed their own 
clear understanding of ideas first.

The next Activity gives you the opportunity to practise Raghda’s approaches in your 
teaching.

Increasing the length/width/height by a scale factor of 
k increases the surface area by a scale factor of k² and 
the volume by a scale factor of k³.
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Activity 35

The list below gives some commentary on the approaches that Raghda used. 
Choose a lesson that you will teaching soon which you think will benefit from 
some of these approaches. As you read through the descriptions, place a tick 
next to the elements from Raghda’s lesson that you will be able to incorporate. 
Just choose three or four, so that you can really focus on them.

Perspectives and practices Commentary on Raghda’s lesson Tick
1- I have high expectations of what 

my students can achieve in a Maths 
classroom.

The guiding problem-to-be-solved 
required sophisticated Maths (fractional 
powers) providing a rich end point to 
challenge all students.

2- I create situations that encourage 
students to go for depth and quality 
rather than conceiving Maths as solving 
a series of textbook questions or 
memorisation of rules. 

Raghda was keen for students to develop 
and justify their own generalisations for all 
scale factors.

3- I plan lessons that enable students to 
build on their own skills, interests and 
experiences.

The lesson was built around boxes the 
students had brought in themselves and a 
practical problem about an everyday food.

4- I give clear, precise descriptions, 
explanations and instructions when 
required. 

Providing clear instructions on what to 
draw and what to note down and a table 
template for storing results meant that 
the students were focused on the Maths 
rather than on practical matters.

5- I provide students with opportunities 
to explain their own ways of thinking 
to the whole class when solving 
mathematical problems.

Small groups developing collective 
answers to questions meant that they 
could present their thinking to the whole 
group after it had been thought through 
and shared within their group.

6- I ask questions that support and 
develop students’ mathematical 
thinking and expressions of thinking.

Raghda asked students to justify their 
generalisations. Teachers should regularly 
ask their students to ‘explain’.

7- I manage and encourage discussions in 
small groups and with the whole class.

Students worked in groups, in pairs, 
individually and as a whole class.

8- I provide time for independent work 
and individual practices along with 
group and peer work. 

Students worked together initially to 
check that everyone knew what to do. In 
the second part, there was a sustained 
period where they worked on their own to 
consolidate the process for themselves.

9- I regularly use physical and practical 
materials to provide different ways of 
seeing Maths in my presentations and 
student activities.

It is hard to visualise 3D objects from 2D 
drawings. So, it was important to bring 
in real boxes. Showing students that a 
box with twice each dimension can be 
filled 8 times from the original box is very 
shocking for some and cannot be shown 
in a diagram.

10- I make sure that all students 
participate and that they all enjoy their 
mathematical learning. 

When Raghda worked through the 
example with the class at the end of the 
lesson, she ensured that any student who 
had not had the chance to speak could 
do so.
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Exploring mathematical concepts through practical activities 
In the Case Study above, Raghda took a standard curriculum topic and placed it 
into a practical problem-solving setting that students could relate to their everyday 
experience. She then allowed students to take the setting and generate data for the 
variables involved (length/width/height), then surface area and volume. For students 
to see relationships between variables, they need sufficient data. One or two examples 
is certainly not enough. So, it was vital for Raghda to give them time to generate 
enough different examples to be able to see some relationships emerge. This is also 
good practice and does not take up extra class time – it works instead of the exercise 
you may have given otherwise. 

The design of the table was also important; it contained exactly the information 
needed, with the data for each variable placed next to each other. This is very 
important in your planning. Consider how students collect data so that it supports 
them in seeing relationships and patterns. You should talk to them about this, to 
support them in designing their own data-collection systems when they need to.

Generating sufficient data to see patterns and relationships can sometime be difficult 
to do sufficiently quickly. However, having access to technology so that, for example, 
software can generate the data (like graphs or geometric drawings) is very powerful 
and you will see examples of this in later Units in this Module. Simple, practical, 
physical apparatus can also work very well. A collection of counters is sufficient to 
explore patterns in number types, dice allow students to explore randomness, and 
shapes cut out from paper can be used to explore transformational and Euclidean 
geometry. So, you should always have basic practical apparatus of this type available. 

Now plan a lesson using elements chosen from the list above. 

Teach your lesson based on your plan and later write a paragraph in your 
Programme Notebook describing the differences in your students’ responses to 
the work. 

You should share your experience with other teachers, especially those who are 
also doing the SBTD II programme. You might also want to think about getting 
Maths teachers at your school to collect their lesson plans for this Activity and to 
put them together to create a Maths file of lessons that you have each tried and 
reflected on. 
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Shapes cut out from paper can help in generating data to see patterns and relationships.

Now read Case Study 28, which describes how a teacher organised an introduction to 
Pythagoras’s theorem using simple practical apparatus.

Case Study 28
Ali was keen to let his students discover Pythagoras’s theorem for themselves when 
teaching his Grade 8 students in Al-Hashimi Prep School in Jordan. He wanted 
students to take a ‘hands-on’ approach and brought with him a collection of practical 
equipment for the activity (previously cut centimetre-squared paper, scissors, rulers 
and set squares). 

Ali grouped his students into fours and gave them group roles to speed the 
practical parts of the task and to ensure they focused on quality and accuracy when 
investigating. He instructed his students to take a set of squares, which ranged from 
1cm x 1cm up to 24cm x 24cm. They were to label one side with the length and write 
the area in the middle.

He had prepared a worksheet with the instructions for the main activity:

1.  Your aim is to fit three squares corner to 
corner to make a right angled triangle. You 
must check very carefully.
•  Fit corners perfectly!

2.  Copy the table into your books. Find as 
many right-angled triangles as you can.

3.  Fill in the table for every triangle you make.
4.  Look for a relationship in the sizes of the 

squares in each case.
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Short 
side

Middle 
side

Long 
side

Small 
area

Middle 
area

Large 
area

Large angle 
(equal, greater, 
less than 90°)

Ali knew that the corners needed to be fitted acutely to avoid false positive results 
(where the angle is not 90° but very close to it). He insisted that students use the 
set square to check the angle very carefully and went around the groups checking. 
Whenever he found a group with a correct right-angled triangle, he asked them if they 
had any thoughts on a relationship between any of the values. He was careful to avoid 
focusing on either lengths or areas or hinting more specifically. He also made sure that 
if some groups had not found enough right-angled triangles, that he helped them by 
choosing two squares of a triple and asking them to find the third that would make a 
right angle. For the activity to work, all groups needed to find most of the right-angled 
triangles available within this set of squares.

Ali discovered that gradually students were noticing that where the angle was a right 
angle, the sums of the smaller areas were the same as the larger area and notably 
that this was not true for the side lengths. When this observation was made, Ali asked 
students to explain their thinking and justify it with the data verbally to the class, and 
to make some note of class responses in their notebooks. He then asked them if there 
was anything they could say in the cases where the angle was less than or greater than 
90°.

To complete the lesson, Ali asked three of the groups in turn to come out and present 
their conclusion for each of the three results, giving an example and a generalisation 
(a2+b2=c2 for θ=90°; a2+b2>c2 for θ<90°;a2+b2<c2 for θ>90°). Ali was careful to make 
sure to choose groups where he had already seen their secure conclusions before the 
presentations were made.

Comment
Ali’s lesson was designed to teach a standard element of the curriculum. However, it 
was not necessary here for the teacher to explain or present anything other than the 
instructions for the activity. Ali’s job here was to check that the instructions were being 
followed carefully, efficiently and effectively. Through the task, the students practised 
their communication and literacy skills, developing their command of mathematical 
vocabulary, particularly as their peers needed a clear and accurate presentation. Ali’s 
role was to correct any inaccuracies and clarify any details if needed.

Ali used practical materials so that students could experience the variation in size 
and angle physically and recognise the need for care and accuracy. The principle 
design feature of his activity was the set-up of the table, to enable students to look 
for a relationship but they were not sure where it would be. The most common error 
with Pythagoras’s theorem is that it refers to the side lengths. In this activity, these 

Work sheet prepareed by Ali with clear instructions.
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are separated so that students see firstly that there is a relationship in the areas, but 
secondly that there is not in the side lengths.

The next Activity shows that you can use the skills you saw in Ali’s lesson in your own 
teaching.

Activity 36

Consider the following points before undertaking the related Activity. 

The key features of Ali’s role in this lesson were:
1. ensuring that the students could identify mathematical relationships using 

practical materials that were designed to enable them to generate the 
necessary data;

2. designing a table that would help the students collect the data in a way 
that focused their attention on possible relationships within the data;

3. circulating as the students worked to check for accuracy and efficiency;
4. asking students to describe and explain any relationships they found (and 

being careful to avoid prompting them);
5. allowing the students to present the conclusions themselves.

Here are three further suggestions for mathematical tasks that could be taught 
in a similar way, that is letting students investigate and problem solve with some 
teacher support:

Students are given this grid format 
and asked to make many examples. 
They need to find and describe a 
process for making the move in both 
directions (expand and factorise).

Students draw repeated copies 
of these diagrams preserving the 
important features (angle at centre 
and circumference and tangent) while 
varying the others. They look for 
relationships between the angles.
Students draw graphs using different 
functions of the form y=mx+c. They 
focus on graphs having the same 
gradient or those crossing the y-axis 
at the same point. They conclude 
including an explanation of what 
a gradient of (e.g.) 2 is and how we 
would recognise it. 



26

Using technology
Generating data from cut-out sheets, drawings or using physical and practical 
materials like pegboards, geoboards, dice and counters can be very successful way 
to convey content to your students and allow students to generate sets of data to 
support them in investigating relationships and patterns. Indeed it is important that 
students use physical materials as much as possible. 

However, it is sometimes the case that the data can be generated using some 
technological tools very efficiently. In this way, the student can focus more closely on 
the mathematical relationship and is not distracted by the practical task. 

There is an excellent open-source software programme called GeoGebra, which can be 
installed and run on even very low-powered computers with a very quick download. 
You could use this for demonstrations or even for your own planning. However, 
students can benefit greatly by having access to the exploration potential of such a 
tool, by generating very large numbers of examples very quickly. The software can be 
downloaded from www.geogebra.org

All of the examples in the Activity above can be investigated using different elements 
of GeoGebra. This example screen shows what can be achieved for the third example:

GeoGebra graphs with the same gradient.

Choose one of the examples above or recreate Ali’s lesson, and write a lesson 
plan that incorporates each of the five key features of Ali’s role. 

Deliver the lesson with one of your current classes and afterwards write a short 
reflective summary of the lesson in your Programme Notebook. Compare your 
outcomes with those in the Case Study. Consider what changes you might make 
when you repeat this way of working.
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There is a very large community of teachers who share activities where they have 
used GeoGebra and you may want to download and explore this software and let 
your students have access to it. This could be a suitable input for the UNRWA cross-
curriculum theme on Information and Communication Technology.

Different technologies for supporting Maths learners
GeoGebra is an example of an open exploratory space for learners to investigate 
mathematical ideas. It strongly supports the sort of teaching you are engaging with in 
this Module. It is wide ranging in that it can show functions and their graphs, data sets 
and statistical charts and calculations, symbolic algebraic manipulation and Euclidean 
geometry. In fact, all of the Maths that is needed at school level and beyond. Any 
topic can be explored through open investigations using GeoGebra. There are also 
other excellent examples of open-source software that fulfil some of these functions 
separately, such as: 

• Wolfram Alpha (www.wolframalpha.com), which is a symbolic mathematical 
search engine;

• Desmos (www.desmos.com), very clear and easy-to-use graphical software.

Sources of data for investigating issues 
• Gapminder (www.gapminder.org) contains datasets for many issues of word 

importance and powerful tools for generating innovative visualisations of them.
• The World Bank (data.worldbank.org) maintains the most comprehensive 

collections of data.

Using different types of software can be an interesting way to collect data and investigate patterns.
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Teaching software
By far the most common type of software for supporting Maths is designed to explain 

mathematical ideas to your students. It can be very useful for students to see someone 
explain something, but only after they have had the chance to explore. Khan Academy 
is the most well-known example (www.khanacademy.org).

It is important to recognise that even in the very best equipped schools it is difficult 
to make technology work reliably in classroom lessons. So, it is very important for the 
teacher to practise using the computer and the software to make sure they can make 
it all work. Also, you need to work with what you have available. Some examples are 
so powerful that it is good to give all students the chance to see, so in these cases 
perhaps you could take one laptop around the class when students are engaged in an 
activity and show them in small groups. If students have some access to the internet 
outside of class they can explore individually using tasks that you set them. The most 
important thing is that they get the chance to explore and to see dynamic variation.

Summary
In this Unit you have seen how well-planned Maths lessons can reflect the 
competencies of the UNRWA Curriculum Framework – critical and creative thinking, 
co-operation, communication and literacy, and constructive learning processes and 
practices. You have also reflected on your own attitudes and practice and developed 
them in your own students through your teaching.

You have increased your understanding of how your planning and teaching of Maths 
can help to develop students’ mathematical skills, attitudes and understanding of 
how mathematicians work. The Case Studies should have presented you with useful 
instances of teachers teaching familiar topics but in a way that developed their 
students’ skills in line with those of mathematicians themselves as they search for 
pattern and structure through investigations. 

You have planned and managed teaching that guides and supports your students 
in developing these skills. The aims of the UNRWA Curriculum Framework have been 
addressed through the competencies and through the cross-curricula theme of 
technology by using structured internet research and exploratory software.
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Module 4 Unit 15: Investigating mathematically: 
developing mathematical thinkers
Introduction
In this Unit you will look at the role of investigation and problem-solving skills in 
developing mathematical thinking. 

Let us first think about the work of mathematician Andrew Wiles. Andrew Wiles 
completed probably the most famous mathematical proof of the 20th century – he 
proved that there are only whole-number solutions to equations of the form an+bn=cn 
when n=1 and n=2. This result is normally known as Fermat’s Last Theorem after the 
French mathematician who had claimed to have proved it 358 years earlier. Andrew 
Wiles was one of the great mathematicians of his age and when interviewed for a 
television programme about the ‘proof’ he had discovered, he described how it was 
to work as a mathematician. He likened it to exploring a dark mansion: ‘You enter the 
first room of the mansion and it’s completely dark. You stumble around bumping into 
the furniture but gradually you learn where each piece of furniture is. Finally, after six 
months or so, you find the light switch, you turn it on, and suddenly it’s all illuminated. 
You can see exactly where you were.’ (Singh, 1997). This is a very different perception 
from what we give our students, where Maths is most commonly presented as a 
collection of known results to be learned and practised!

To prepare mathematicians of the future, teachers need to provide opportunities for 
their students to explore ‘dark mansions’, ‘bumping into the furniture’. But equally they 
need to recognise the range of skills that are needed in order to do this successfully 
and reach the level of skills that allowed Andrew Wiles’ explorations to finish with 
the most famous of mathematical outcomes. If we look at the focus on the first 
competency of the UNRWA Curriculum Framework – critical and creative thinking – 
we can see that Andrew Wiles was engaged in very creative thinking. Indeed, Hans 
Freudenthal describes Maths as an activity, something that practitioners do, rather 
than a set of ideas that people learn; he talks of ‘Maths as an art, a mental art to be sure, 
which for most people will be closer to crafts than to sciences …’ (Freudenthal, 1991). 

In this Unit you will explore how to provide opportunities for students to investigate 
mathematically, and how to support them in doing so. 

Teacher Development Outcomes
By the end of this Unit, you will have developed your:

• awareness of a wide range of open and exploratory mathematical investigations;
• understanding of how to set up investigational working in your classroom and to 

support students as they develop their problem-solving skills;
• understanding of the range of skills that can be developed through 

investigations and how to help your students to develop these systematically.

The first Activity in this Unit is designed to provide you with opportunities to do some 
Maths yourself and revisit what is hopefully your own love for your subject.
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Activity 37

The joy of Maths comes from finding solutions to challenging and interesting 
problems. Yet, as a Maths teacher, you may find you have little time to actually 
do any Maths yourself! A collection of mathematical tasks are included below to 
give you this opportunity. Try them on your own and at your own level. Avoid 
thinking of them from the point of view of preparing them for your students 
(although you can certainly do this later). Instead, step into the ‘dark mansion’ 
and ‘bump into the furniture’ – perhaps you will be able to turn on the light! 

You may find commentaries or solutions to some of these problems, but you 
should avoid doing so. The solution is, in itself, not important. As Freudenthal 
says, it is the activity that is the work of the mathematician.

1 Pentominoes

A domino is a 2-omino. It is made of two adjacent squares with complete edges 
touching. There is only one way to fit two squares to make a 2-omino.
There are two different ways to fit 3 squares to a make a 3-omino.

How many different ways are there to fit n squares to make n-ominoes?

2 Perimeter/inside/area

Draw any polygon with vertices on points on the grid. Find a relationship between 
the number of dots on the perimeter, the number of dots strictly inside the polygon 
and the area. For example:
    •             •             •             •             •

    •             •             •             •             •

    •             •             •             •             •

3 The unstampable parcel

You have a whole sheet of 7 piastre stamps and a whole sheet of 5 piastre stamps.
1-  Can you correctly stamp a parcel needing 19p? How?
2-  Work out which amounts you can correctly stamp only using 7p and 5p 

stamps. 
3-  Are there any amounts you cannot correctly make?
4-  What is the largest amount you cannot correctly make?
5-  Now imagine that you have only 8p and 3p stamps. What is the largest 

amount you cannot correctly make? 
6-  Now try any two different stamps. Try to find a rule to work out the largest 

amount you cannot correctly make with stamps of value n and m.

Dots on the perimeter: 7
Dots inside: 1
Area: 3.5
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4 Find all of the happy numbers

A happy number is any number that can be written as part of a chain such that: 
•  the next number in the chain is generated by squaring and adding the digits 

of the number;
•  the chain ends in 1.

All other numbers are unhappy.
For example, 23 is happy because:
23→22+32 →13
13→12+32→10
10→12+02→1     the chain ends in 1

See if your colleagues in school would like to try one of the tasks, or better 
still a colleague who is on the SBTD II programme – or you could agree to try a 
different task. Then, when you are finished, arrange to meet and discuss your 
experiences. 

Use your Programme Notebook to reflect on your own experience of doing this 
task:

1. Did you enjoy the task? (In what ways and at what times?)
2. Where there times when you were frustrated or unhappy? (What caused 

this and did you get through it?)
3. Did you find a solution, unaided, that you were satisfied with?

You could also visit the website of the NRich project at the University of 
Cambridge (http://nrich.maths.org/). This has an outstanding collection of 
mathematical problems. 

Comment
All of the tasks in the Activity above could be used with your students. They have been 
included here specifically because they have a high degree of openness and are quite 
challenging. It would be very difficult to find a final solution to tasks 1 and 4, whereas 
with tasks 2 and 3, there is a clear and rather elegant solution. 

Different people will prefer different types of tasks and you may well have approached 
the task in a different way from your colleagues. However, there are specific skills that 
all the tasks require – for instance, organising your results into some format that allows 
you to look for patterns is very useful. However, it is not necessarily the case that a 
simple table will do. 

Look at Task 3 which has a clear outcome, but three variables (so a single table is 
unlikely to help). Finding a diagram that organises the data can be very helpful in 
seeing patterns. In Task 4, you can see different patters emerge with happy and 
unhappy numbers and representing these differently can be very powerful. For Task 1, 
it is very important to be sure you have found all examples for a particular value of n, 
so being systematic in creating all of the different types can be very helpful. These are 
just examples of the skills you could use. 
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Now read the Case Study below in which a teacher takes a well-known investigation 
and provides students with opportunities to explore, but with a particular focus on 
developing one mathematical skill.

Case Study 29
Hanna decided to introduce a pairs investigation to a Grade 7 class in Karameh co-
educational school in Lebanon. This involved her posing the problem to her students 
as to how many different pairs could be formed with all the students in the class. 
She chose this investigation because she wanted her students to develop their skills 
in diagrammatic representation and she knew that students like to illustrate things 
literally, in this case with diagrams to represent the pairs. (Hanna knew that this 
problem is often referred to as the handshakes problem when she researched it, but 
she preferred this version for her class.)

Because of the nature of the task, Hanna also had her students work in pairs. She 
put the pairs together to make groups of six to start the lesson, so that students 
could experiment with how they were going to work. The task here was to work out 
how many different possible combinations could be formed from their group of six 
students. Hanna asked them to write down any thoughts they had; in particular she 
asked that they all individually construct a diagram showing the pairings that would 
help them work out how many there would be. 

Working in pairs allows students to develop their mathematical skills.

Hanna engaged with the groups as they worked; she looked at the diagrams and asked 
the students to explain how their diagram was helpful in the working out. She did not 
prompt or guide her students at this stage, so that the focus was on their invention 
and their justification for it. As groups came to an answer about the pairing with six 
students, Hanna asked them to work out how many pairings there would be with 
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different numbers of students, for example with eight students, 24 students or even 50 
students, with a view to finding a general rule for any number of students, that could 
be used to calculate the number for the whole class.

As students progressed with the task, Hanna asked the groups to select one of the 
diagrams from their group that they thought had been the most helpful in finding a 
rule and to be ready to explain to the class how the diagram was useful.

Here are two examples of the diagrams her students constructed:

In both the above cases the students reported that they had noticed that for six people 
there were 5+4+3+2+1 different possible pairs, more specifically: 

•  Group 1 thought back to a lesson on triangle numbers and used the formula
    1/2 n (n + 1) with n = 5 since this is the fifth triangle number, with six people. 
•  Group 2 noticed that each of the six people had five possible pairings making 30, 

but that each pair was counted twice, making 15 different pairings.

Hanna concluded the lesson by talking about how the two very different diagrams 
had been very helpful in finding a general solution to the problem. She was able to 
draw the class’s attention to important features of these diagrams, notably that they 
are both systematic: that is, the lettered list is constructed in order, to make sure that 
all pairs have been listed and the circle is a very useful geometric design for being 
systematic as it creates a clear ordering working round the circle. Hanna emphasised to 
the class that both diagrams are simple and iconic – they reduce the pairings to their 
important features only. 

Comment
Hanna’s students investigated an interesting mathematical problem together in 
their groups as a whole class, and the investigation had a very satisfying outcome. 
However, they also had their skills developed in working mathematically by having 
a close focus on a particular skill, in this case diagrammatic representation, so that 
they could understand the role of a neat, iconic, systematic diagram to represent the 
mathematics.

A B  A C  A D  A E  A F
B C  B D  B E  B F
C D  C E  C F
D E  D F
E F



34

In the next Activity, you will need to have thought about a good number of 
investigative tasks. There were four to choose from in Activity 37 and the Case Study 
above provides one more. You should visit the NRich website mentioned earlier and 
explore the range of investigational tasks available in order to help familiarise yourself 
with a few more. 

Activity 38

Here is a skills map. It shows a collection of interconnected skills that need to be 
developed to become an effective mathematician:
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Now try to do the investigation below.

Painted cube
•  Imagine that you have a large collection of wooden cubes. Take one cube 

and dip into a tin of paint. You now have a 1-cube with 6 faces painted. 
•  Now put 4 of the cubes together to make a 2-cube. Dip this in the tin of 

paint. When it comes out, you can take the 4 cubes apart. Some of the 
faces are painted and others are not. For a 2-cube you will have 4 cubes, 
each one of which will have 3 of its faces painted. 

•  Now make a 3-cube out of 27 small cubes, when this comes out of the 
paint tin, there will be 8 cubes with 3 faces painted, 12 cubes with 2 
faces painted, 6 cubes with one face painted, and one cube with no faces 
painted.

•  For an n-cube, how many cubes will have 3, 2, 1, and 0 faces painted?

How did you find the task? Did you find that completing it reminded you of the 
process before and therefore took less time than other tasks? If possible, arrange 
to meet with another Maths teacher completing the SBTD II programme to 
discuss your experiences of having completed each of these tasks. 

What were the key skills that you needed to use? What particular skills did 
you need to think most carefully about? How far did you get in the skills map 
(above)? Did you, for example, manage to justify and explain or even prove? 
Decide for each of the investigational tasks which one or more skill(s) from the 
map would be most appropriate to develop with your students using that task.

So far, six investigation tasks have now been presented in this Unit:
1.  Pentominoes
2.  Perimeter/inside/area
3.  The unstampable parcel
4.  Happy numbers
5.  Pairs
6.  Painted cube

Comment
The most important thing when working like this is to ensure that students have 
opportunities to explore. So, the skills development should not prevent the 
exploration. Also, it is important to remember that there is no correct way or simple 
description for how to go about problem solving. Georg Polya’s book, How to Solve 
It (Polya, 1945), is an interesting read and provides a comprehensive guide to these 
processes in general. So, although you cannot always be entirely systematic in solving 
problems, a range of examples such as those you have looked at in this Unit will 
provide good opportunities for students.

For example, the painted cube activity is particularly useful for developing skills 
relating to ‘pattern spotting’, ‘generalisation’, ‘testing’, ‘justification’ and ‘explanation’. This 
is because there are four sets of relationships (3, 2, 1, and 0 faces painted). Each one 
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of which generates a table of values that can be translated into a formula reasonable 
easily. These formulae can then be explained with reference to the problems 
generating a strong justification. For example, there will always be (n-2)3 cubes with 
no faces painted since the unpainted part is itself a cube with side length two less than 
the whole cube. 

In contrast to this, the happy numbers activity has no generalisation, instead only a 
collection of partial results and categories can be found. Hence, this is particularly 
suitable for practising pure exploration (the first skill), because students need to 
persevere even when no simple results can be found.

It is important to provide students with opportunities to explore.

Sequencing and scaffolding student investigation
You have seen how different investigations can be used to develop specific skills in 
Maths. It is important to remember that you are developing skills in mathematical 
problem solving as your principle aim. However, in all of this work, students get plenty 
of opportunities to develop their manipulation and calculation skills. So, you should 
not see this as separate from your mainstream teaching. Happy numbers can be used 
as part of a sequence looking at number powers (or indeed Pythagorean triples). 
Painted cube generates linear, quadratic and cubic equations and would make a 
perfect introduction to a sequence on polynomials. Pairs generates triangular numbers 
and would be very suitable to start a sequence on different types of numbers. 

In your planning, you can find an investigation that can orient students to the new 
topic by showing them situations in which the Maths they will learn appear naturally 
and therefore can be used. Alternatively, once the Maths has been learned, they 
can apply their new knowledge in solving an extended problem. The NRich website 
mentioned earlier (http://nrich.maths.org/) has an excellent search facility, so you 
can search for the topic you are currently planning to find suitable investigations at 
different levels of difficulty. You can then consult your skills map and choose which one 
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you want to develop next. From this, you can choose a suitable investigation. Doing 
this for every topic will provide regular and systematic opportunities for your students 
to develop their higher-order thinking skills.
 
In the next Case Study you will see how the teacher took one skill, the critical 
mathematical skill of ‘proof’, and designed a sequence of investigations to develop this 
systematically. You will also see how Mustafa himself engaged in the problem solving 
first.

Case Study 30
Mustafa designed a series of lessons to help his students develop their skills in 
mathematical proof in Beesan Boys’ School in Syria. 

Mustafa had used the Tower of Hanoi problem by itself as a nice puzzle that he found 
students enjoyed solving. This puzzle consists of seven circular wooden discs of 
increasing diameter, which fit onto a wooden peg. There are three pegs in a row with 
all of the discs in order of size on one of the end pegs with the smallest at the top. 
The rules say that you move pieces one at a time. You can only move the top piece in 
any pile to either of the other two pegs. You must never place a larger disc on top of a 
smaller disc. In this way, you must move the whole stack of discs to the other end peg.

In the past Mustafa had seen that his students had found out that there was a 
relationship between the number of discs and the smallest number of moves to 
complete the puzzle. 

Mustafa wondered if it was possible to prove that this rule worked for any number 
of discs even though you could not try it out. He could not find a direct proof, but he 
noticed that there was also a relationship between the number of moves needed for, 
for example, four discs and the number of moves needed for five discs. This was clear 
from the situation because if you have five discs, then all you need do is make all of the 
moves for the topmost four discs, then move the fifth disc, then repeat all of the moves 
for the four discs again. This must be true for any number of discs, so he knew that 
un+1 =2un+1. 

Mustafa realised that he could use this result to prove his original rule, using induction. 



38

  •             •   

  •             •    
  •             •             •      

  •             •             •     
  •             •             •             • 

  •             •             •             •
Mustafa realised, however, that this would be very difficult for his students to 
understand, so he decided to try to devise a simpler investigation, that worked in 
a similar way, so that his students could practise the principles of the proof before 
moving on to the Tower of Hanoi.

In the next lesson, Mustafa asked his students to work in pairs and gave them a pile of 
matchsticks. He asked them to make a line of squares like the illustration above. The 
task was to find two rules:

1.  To find and explain the rule relating the number of matchsticks needed for m 
squares and the number needed for m+1 squares.

2.  To find a rule for the number of matchsticks needed for n squares.

The students worked with interest and were able to make a table of values and quickly 
came up with these solutions:

1.  um+1=um+3 because each extra square needs three more matches.
2.  un=3n+1

Mustafa then showed the class how they could make an inductive proof of their 
general result:

u1=3×1+1=4. This is correct since 4 matches are needed for the first square.
un=un-1+3
=3(n-1)+1+3
=3n-3+4
=3n+1

Mustafa then moved on to let all the class try the Tower of Hanoi puzzle. First of all he 
demonstrated with his own set, and then gave students card and scissors to cut out 
pieces to use for themselves. They explored the puzzle and became familiar with it. 
After a lot of experimentation they started to notice that for each number of discs they 
could work out the next number of discs, by doubling and adding one (un-1)=2un+1). 
Some students started to notice that the general rule had powers of 2 in it. Gradually 
students came to recognise that the general results they had found were following 
un=2n-1. Mustafa asked two pairs of students to come and explain their results to the 
whole class. 
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At this stage it was very clear to all of the students that they had the same situation as 
the matchstick puzzle and so they could construct a proof of their general rule in just 
the same way. 

Comment
In the Case Study you have seen how Mustafa systematically developed his students’ 
mathematical skills by choosing open tasks that followed a development path for that 
particular skill. Again, it is very important to preserve the openness of the task. The 
Case Study focuses on the development of the proof using a simpler task that works in 
the same way as a more sophisticated one. However, Mustafa had given his students 
a sustained period to work with the Tower of Hanoi puzzle in their pairs, using their 
critical and creative thinking to come to see the relationships between the number of 
discs and the moves but was there to support them by asking them, as they worked, to 
explain and justify their thinking. This way of working is also very successful at building 
cooperative working patterns as pairs share their ideas and explanations. Also, the pair 
work encouraged students to develop their communication and mathematical literacy 
skills, by testing their explanations on each other. Students can be encouraged to first 
convince themselves, then convince their partner, and finally convince the teacher. 
In this way, they will sharpen the quality of their justification for their mathematical 
thinking. 

Pair work may encourage students to develop their mathematical literacy skills by testing their 
explanations on each other.

In this final Activity of Unit 15 you will be asked to use Mustafa’s thinking about 
developing skills in other investigative tasks.
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Activity 39

The following table shows all of the investigations that have been presented in 
this Unit, together with a suggestion for the skills development that could be the 
focus of their application in your class.

Make a copy of this table for your own use in your Programme Notebook. The 
example from Mustafa’s lesson is included with notes as the first entry in the 
table. Choose at least one of the other investigations and the skill that it can be 
used to develop. (If you chose a different skill for that investigation in Activity 38, 
then use the one you think is most suitable).

Find another investigational task that could also be used to develop that skill. 
Decide which of the two tasks you would present to your students first and show 
this in the order column. Explain in the end column how the outcomes from 
one of the investigation tasks would be supportive in developing that skill when 
students do the other task.

Investigation 1 Investigation 2 Order Skill

Tower of Hanoi Matchstick 
Squares

2 → 1 (Proof ) Justify and explain leading to proof. 
The matchstick squares problem generated 
rules for the nth term and a next term rule 
that could be used for proof by induction. 
This was then available for use in Towers of 
Hanoi.

Pentominoes (Extend)

Perimeter, inside, 
area

(Design)

The unstampable 
parcel

(Organisation)

Happy numbers (Exploration)

Pairs (Diagrammatic representation)

Painted cube (Using algebra)

Summary
In this Unit you have developed your skills in using investigational tasks to support 
your students in becoming mathematicians. This work strongly supports critical and 
creative thinking and constructive learning but also allows opportunities for co-
operation, and developing skills in communication and mathematical literacy. You 
have seen that the practice of professional mathematicians involves active exploration 
and that it is necessary to give apprentice young mathematicians opportunities to 
work in this way.
You will have engaged with a wide range of open, exploratory, investigational problem 
solving tasks in Maths and worked through some yourself to remind yourself of the 
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joy of Maths. Hopefully you saw how students can develop their skills through your 
own planning a focus on particular aspects of the problem-solving process, while 
maintaining the openness and exploration aspects of this way of working. Finally you 
have engaged with a systematic approach to mapping the problem-solving skills 
needed by learner mathematicians, and looked at how these can be developed by 
sequencing investigational activities to support and develop students’ skills to a very 
high level.
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Module 4 Unit 16: Applying Maths: cross-curricular 
skills in Maths
Introduction
Ibn al-Banna' al-Marrakushi was one of the first mathematicians in history to develop 
a fully symbolic approach to the study of algebra. He progressed the algebraic work of 
Muhammad ibn Mūsā al-Khwārizmī and made significant contributions to the study of 
Maths in general. However, he was not only interested in pure Math. In another work, 
the Tanbīh al-Albāb, he covered a wide range of practical topics including: 

• calculations regarding the drop in irrigation canal levels; 
• arithmetical explanation of the Muslim laws of inheritance; and 
• the determination of the hour of the Asr prayer. 

It is often said that the reason we study Maths at school is because it is useful. 
However, the applications of Maths are significant and sophisticated and it is 
important that learners have access to applications that do justice to the study of such 
an important subject. In the first Unit of this Module you saw how some of the most 
significant problems to be solved among professional mathematicians involve prime 
numbers, which have proved to be very difficult to control with mathematical patterns. 
This difficulty explains why it is almost impossible – even with the highest-powered 
computers – to find large factors of very large numbers. This fact is behind the coding 
systems used to ensure that commercial transactions on the internet remain secure. An 
extraordinary feat for such apparently simple Maths. 

However, it is most often the case that the Maths can only provide an approximate fit 
to a real-life problem. For example, the implications of global warming are becoming 
clear, but describing and mapping weather patterns is extremely complex and often 
uncertain. So it was very hard to prove that increases in global temperatures were not 
simply an unlucky trend. This is an example of mathematical modelling in action. 

You start with a problem. Maths is designed that will produce results that fit well with 
the data or the problem. Results and outcomes are generated by the Maths. These 
results are then validated, but this does not provide an answer. Normally it provides 
better questions which allow the cycle to be repeated, taking account of more issues 
than before and hence generating better results. Certainly, on the issue of global 
warming, this cycle is still being repeated and will no doubt continue to be. 

For the purposes of school Maths, this process is often shown diagrammatically as a 
cycle:
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This model can be used in a similar way to the investigational skills map that you 
worked with in the previous Unit. Here we have specific skills that students can 
systematically develop. For education to be relevant to students’ lives, problems to 
be solved must be genuine and reasonable and be solved in a way that generates 
genuine solutions. Albert Einstein said that, ‘as far as the laws of Maths refer to reality, 
they are not certain; and as far as they are certain, they do not refer to reality’. So, you 
cannot simply take a formula and make a calculation in order to solve a real problem. 
Instead you make uncertain judgements and test them against the requirement of the 
problem. 

In this Unit you will look at how sophisticated problems can be engaged with 
mathematically and at the process of modelling and how to systematically develop 
your students’ skills in these areas. 

Teacher Development Outcomes
By the end of this Unit, you will have developed your:

• awareness of a range of opportunities for applying Maths through modelling 
that can occur across the school curriculum;

• understanding of the modelling skills involved in applied Maths and how to 
develop these systematically in your students;

• awareness of how to develop literacy, ICT and numeracy skills strategically 
through cross-curricula problem solving.

Start by looking at Activity 40.

Activity 40

Read through the following problems applying Maths. Find the solutions that 
you think the author of the question would consider to be the correct ones. 
Consider if some alternative solution would be possible or even better. Do not 

School maths shown as a continous repeateed cycle.
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read the second part of the activity until after you have finished the questions.

1.  You are a lab technician. You are required to cut a 50cm by 10cm sheet of 
metal into as many of the smaller strips 10cm by 1cm as possible. How 
many can you make?

2.  An oil tank is in the shape of a cylinder with base radius 0.8m and length 
2m. What is the capacity of the drum in litres? 

3.  How many people could stand in a field, at a music concert, of 100m by 
50m. 

       A. 1000 B. 5000 C. 20,000 D. 100,000 

After completing the questions, read the section below.

All three of these questions come from published sources; an examination for 
teachers in training, an international comparisons test and a UK textbook. The 
‘correct’ answers given are as follows:

1.  You can make 50 strips by dividing the length into 5 and the width into 10.
2.  The oil tank has a volume of 0.8×0.8×π×2≈4.02m3. One litre is 0.001m3, so 

the capacity is 4020 litres.
3.  Four people could reasonable fit into one metre square. The field is 5000m², 

so the correct answer is C, 20,000 people.

Comment
This is problem solving in Maths teaching. The difficulty is that we are making claims 
about the value of Maths for its application and in each case, the answer would be 
incorrect to someone setting this problem, that is, someone who needed to know 
the answer for its practical application. In Question 1, any lab technician would know 
that you must cut the metal with something. Normally they would use a small saw. 
Real technicians also use what we call ‘a rule of thumb’ suggesting 10% wastage in 
any cutting activity. So, the correct answer would be 45 strips. In Question 2, an oil 
company would know that the volume and the capacity can be very different. Indeed 
oil drums are made of very thick steel for safety reasons, so the capacity will be much 
below the volume. In Question 3, the organiser would have checked the safety rules 
for concerts, which say that the expected number of people per metre square is two, 
and so you should have at most 10,000 people. 20,000 would be extremely dangerous. 
Also, at any concert, people are not equally distributed and this would lead to very 
high capacities at certain points.

All of these questions are perfectly reasonable examples for practising mathematical 
skills. However, the context is given in order to make the question more interesting. 
The teacher needs to make this very clear, so that students do not think this is the way 
real problems are solved. More than this, in each case, the problem can be extended 
and enhanced by discussing the problems with students and giving them the 
opportunity to research the issues and solve the problem as it would be in ‘real life’.
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Giving context to a mathematical problem will make questions more interesting.

Applying Maths to real-life problem solving
When real problems are solved, a whole range of different considerations come into 
play. This is the process of mathematical modelling. In the following Activities and Case 
Studies in this Unit, you will identify instances where the problem is not real and you 
will engage with instances in which sufficient reality can be brought into the classroom 
to support students in developing their skills in mathematical modelling and real-life 
problem solving.

Activity 41

This Activity ask you to look through the materials you use in your day-to-day 
teaching for examples of problems put into contexts like the examples given 
above. When you have found a few interesting examples, answer them as they 
are intended. Then consider how the problem would be solved in ‘real life’. Would 
the outcome be the same? 

Find some examples where the ‘real-life’ solution would be different to the Maths 
problem answer. Do some research to find out the details you need, to be able to 
solve the problem fully as it would be in ‘real life’. 

Write a short report in your Programme Notebook giving details about your 
best example of a problem and its ‘real-life’ solution. Share your examples with 
colleagues in your school and if possible with other teachers on this programme. 
Think about an example you could share with your students. Write a lesson plan 
that allows your students to consider the differences between the problem’s 
mathematical ‘solution’ and its real-life application ‘solution’. Ensure that your 
lesson plan allows time for your students to consider widely what other factors 
need to be considered in ‘real life’. 
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Comment
There are many difficulties with trying to solve genuine problems in school Maths 
lessons. Getting sufficient detail about the issues involved, as you saw in the examples 
in Activity 41, is an important feature. However, unless the owner of the problem is 
part of the process, then there will be no one to tell you if your solution works. This 
validation of results is a vital part of the problem-solving process. 

Now read the Case Study below which explores a teacher working with their class 
on a problem-solving activity that illustrates the power of graphs in visualising 
relationships. 

Case Study 31
Yusri was teaching Grade 9 Maths class at Ramallah Boys’ School in the West Bank. He 
had set his students the following problem:

When he read this problem, Yusri immediately realised that a tea distributor would not 
design boxes in this way, but that the central problem involved would certainly be part 
of the process. Yusri thought that it was likely that the box would have an integral lid 
and would require tabs and fittings to enable it to be constructed efficiently. So, when 
he presented the problem to his students, his first question was to ask them how they 
thought a real tea distributor would go about creating their packaging. 

His students gave him many interesting ideas and thoughts and also they recognised 
that the problem they would solve could, at best, be only part of a solution. Yusri gave 
his students a homework task to investigate designs for packing produce such as tea 
and to report back in the following lesson.

The next day, Yusri provided the students with the opportunity to try out their 
designs. Students were able to focus their attention to the maximising problem. Yusri 
had his students working in pairs and gave them each sheets of thin card, rulers and 
scissors. In his planning, Yusri thought about what a successful working strategy for his 

Max box

A distributor of leaf tea is reviewing their packaging. They use boxes with separate 
lids and the base of the box is made from a sheet of card 10cm by 10cm. This is 
then made up into an open top cuboid, by cutting equal sized squares from the 
corners. What is the largest volume of box that can be created in this way? 



47Module 4: Unit 16

students to complete this task would be, this was:
•  Make a small number of boxes and calculate their volumes to get a feel for the 

problem.
•  Start to calculate volumes without making the box.
•  Organise results into a table of increasing values of the one variable (the length 

of the cut-out corner square e.g. x) and the volume.
•  Draw a graph showing the variation of volume for increasing values of x and 

interpolate to find the maximum volume.
•  Construct an algebraic formula for the volume in terms of the variable. 
•  Extend to consider different-sized squares and then rectangles.

With this strategy in mind, Yusri was able to consider the students’ approach as he 
moved around the classroom. If students did not have an effective strategy, he could 
support them with the next step. If they had a different strategy that was working 
successfully, he asked them to explain what they were doing and how they thought it 
would work.

Comment
Yusri did not have access to computer technology in his school, but if he had, 
this would have been an excellent opportunity for students to use a spreadsheet 
programme to look at their results. Entering their data for x and for the volume into 
two rows in a spreadsheet and then creating an x-y graph, would allow students to see 
the outcomes very quickly, and all the students could try using different initial-sized 
squares. Similarly, when students have found an algebraic formula for the volume, 
this could have been drawn using GeoGebra (www.geogebra.org). In fact, GeoGebra 
has a spreadsheet element, so the whole process can be completed within GeoGebra, 
although you may find an ordinary spreadsheet easier to get started.

The power of this example is that the outcomes are very surprising. Unusually 
the function is not symmetric and so the results could not easily be guessed at. 
The mathematics is shown to be powerful. It also introduces very sophisticated 
mathematics. Students can see that a maximum value can be found from the graph, 
so the teacher can suggest that in future they will be able to find analytic methods for 
finding maxima directly from the function.

Solving real problems
You have considered in detail how to ensure that mathematical problem solving 
engages with the issues that would be found in a ‘real-life’ setting. You are preparing 
your students to become confident adults with the life skills to succeed. It is important 
to choose a range of tasks in developing their problem-solving skills that will support 
them in their work and their lives as informed and active citizens. For example, 
students can investigate the economics of running a small manufacturing or retail 
business. They can conduct scientific experiments, generate data and find relationships 
that can generate useful information. These two issues are dealt with in the final Case 
Study. 

Students can also deal with issues of regional and global importance. As we discussed 
earlier, technology can provide access to live up-to-date data about the big issues, 
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such as global warming, population and health on the World Bank Data site
(data.worldbank.org/), which can be analysed using conventional statistical tools in 
GeoGebra (www.geogebra.org) or with exciting dynamic tools at GapMinder 
(www.gapminder.org). 

Technology can provide access to up-to-date data about for example the world population. 
(Information from blogs.worldbank.org)

In the following Activity you will investigate problems and issues relevant to your local 
and regional communities that can be engaged with mathematically.

Activity 42

As we saw in Case Study 31, the key element when looking at a manufacturing 
problem is often optimisation. Many such examples in manufacturing and 
retail can be found, where the use of materials and costs needs to minimised or 
customer base or sales maximised. Steig Mellin Olsen (1987) described a series of 
Maths lessons he ran in which his students designed a campaign to present their 
arguments against the extension of an airport runway close to their school. This 
involved the organisation and presentation of statistical data. Cyril Julie (2002) 
reported teachers investigating the effects of the accumulation of plastic bags 
by the roadside and the environmental impact they were having. 

Consider situations in your local community where there are issues that could 
be analysed statistically or where small businesses in retail or manufacturing 
have problems that could be engaged with. Find a local problem of interest 
that would be suitable to bring to your students. Investigate the problem and 
research how it could be solved for genuine local benefit. Choose one aspect of 
the problem that could be effectively mathematised and turn this aspect into a 
single mathematical task, like the max box problem Yusri gave his students. 

You can now present this task to your students, making sure to put it into the 
context of the whole problem, giving them the opportunity to investigate the 
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Mathematical modelling
In the introduction to this Module you saw how mathematical modelling can be 
described as a cyclic activity. A mathematical way of describing a problem is found, the 
outcomes are reviewed in the context of the problem and the model can be reviewed 
and improved. Some of the phases of this process should properly begin outside 
of Maths and it would be engineers, scientists and economists who generate the 
problems. 

However, these following key phases exist within Maths:
1. Making the modelling assumptions. Here you decide which elements to 

consider and which to ignore. For the max box problem, the manufacturing 
problem was simplified to ignore the issues of the tabs and the inclusion of 
an integral lid. This left a core problem which informed the shape of a suitable 
cuboid to maximise the volume.

2. Setting up the mathematical model. Here you generate data which can be 
used to find mathematical relationships. This is regularly done in science in which 
the outcomes of a scientific experiment will be plotted on a graph looking for 
relationships within the data.

3. Analyse the mathematical model. The mathematical model is then used to 
generate results that could be of use to the owner of the problem. 

4. Interpret the results and compare with reality. These need to be done 
together. The mathematician will use the calculated outcomes to produce 
outcomes within the problem, but these can only be validated in the context of 
the problem.

5. Deliver conclusions. The presentation of the outcomes include mathematical 
charts, graphs and formulae and provide excellent opportunities to develop skills 
in communication.

In the previous Unit you worked on investigational skills by choosing specific skills 
that would be the focus of a given task, and in this way you would be developing the 
students’ skills systematically. Your students’ skills in mathematical modelling can be 
developed in the same way, by choosing one of the phases of the modelling process to 
develop.

problem further (beyond the specific task you have chosen). 

Plan the lesson, deliver it and then plan a sequence of lessons that would allow 
your students to engage in and present their findings on an issue relevant to 
their community. Write this up in your Programme Notebook.
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Presenting mathematical graphs and charts can be an interesting way of delivering conclusions.

Now read how Rashida solved a practical problem using a modelling process. 

 
Case Study 32
Rashida, a teacher in Rafah Preparatory Girls’ School in Gaza, wanted her students to 
engage in a practical problem-solving activity that would develop their skills with 
regards to functions and graphs. This is the problem she gave them:

Rashida set up a whole-class discussion to look at the problem. First, she grouped her 
students in fours and let them have an open discussion about the issues that should 
be considered. Then she brought the whole class together and asked a spokesperson 
from each group to share their ideas, which were then discussed critically by the whole 
class.

Takeaway coffee

A coffee-shop owner wants to deliver 

coffee to her local customers. She wants to 
maximise her sales by reaching the largest 
possible number of customers, but knows 
that she must make sure that the coffee is 
still fresh and hot when it arrives. 
You have been employed as consultants 
to advise her. Write a report to guide her 
planning.
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The students suggested a range of issues that needed to be considered, including;
•  How would the coffees be delivered? How quickly could they be delivered?
•  What would they be packaged in? Could the coffee be kept fresher for longer 

with better packaging?
•  How long does it take for coffee to cool and still be acceptable to the customer?
•  What would she need to charge to make a profit?

These were all interesting questions and Rashida explained that they would not be 
able to deal with them all in the lessons, but that her students should investigate them 
further for homework. The central question that could be investigated in class, Rashida 
explained, was how long the coffee shop owner has to deliver a still-fresh coffee. If she 
knows how fast her delivery method is, then she will be able to work out far away from 
her shop she can reach her customers with fresh, hot coffee.

So, Rashida set up a classroom experiment. She brought freshly boiled water from the 
staffroom and filled a takeaway coffee cup with a lid. She used a normal thermometer 
to measure the temperature every minute for 10 minutes. She asked her students to 
make a table to record their estimations and observations. 

Rashida then put the thermometer into the water and measured the temperature. 
Next, she asked students to estimate the temperature after one minute and put 
this in their table. She asked a student to check the time and announce when each 
minute has elapsed and, as each minute passed, Rashida had her students estimate 
the temperature measure at the next minute, but increasingly to explain the basis 
on which they had made their estimate. As time progressed, Rashida suggested 
that they make a formula to describe how they were making their estimate. When 
the experiment was finished, Rashida asked the students to draw a graph showing 
temperature against time.

Rashida then asked the class to share the explanations that they had for their 
estimations. It was clear that most students had used a rule that had the starting 
temperature (which was less than 100° due to the time taken to bring the water) minus 
about 2° per minute. So, they agreed on T=95-2t. Rashida asked students to plot this 
function and add the results to their existing graph. The fit was very good. Now she 
asked students what they thought the temperature of the water would be after two 
hours and to check this with their formula. They expected room temperature, but the 
formula said 95-2×120=-145°. So, the students were critical of their original model 
and were interested to investigate further.

Comment
Rashida had organised this lesson with a focus on setting up the mathematical model. 
She knew that many students would already know Newton’s Law of Cooling, but that 
they would not know how or why it applies. So, she thought that informal methods for 
setting up a model from their observations would be convincing. However, Rashida 
knew that when the students compared their results with reality, there would be a 
problem with this model. From this, the students could begin to see that the curve 
must tend towards a minimum at room temperature. In fact a quadratic can be found 
that will fit this requirement too, although compared to reality, coffee does not start 
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to heat up again. Students need to understand to look for a function which reaches 
a lower limit and stays. In fact both a reciprocal function and an exponential can be 
found to do this (Olley, 2011). 

Students may want to ask their Science teachers how Newton knew it was one and 
not the other, as this is beyond the scope of Maths. If your school Science department 
has data-logging equipment, then this technology can be used in order to give the 
students a better experience of the curve fitting and critiquing. 

In this Case Study you have seen how students can develop their skills in mathematical 
modelling using an application that could be found in the local community. In the final 
Activity in this Module you will look at the opportunities possible within the school 
curriculum.

Activity 43

By now, you should see that there are excellent opportunities to collaborate 
with other subjects in your Maths curriculum activities, including the Science 
department. Colleagues in the Science department – particularly those doing 
SBTD II – should be interested in explaining the scientific method, providing 
equipment and discussing experimental design. Letting students see this type 
of collaboration is very helpful. They will see that real applications normally start 
from outside of Maths and they will also likely find that the other departments 
are much more interested in the outcomes than the method.

Try to make arrangements to meet with colleagues from other departments 
in your school, certainly including Science, Business Studies and Geography. 
Discuss possible activities that could be created so your students can work on a 
cross-curriculum problem-solving task. 

Here is a collection of possible projects that may work in your school:
• Why do penguins huddle? See the Australian Antarctic Survey – to see how 

mammals vary their volume to surface area ratio. Work with Biology.
• How are weather patterns changing over time? How is this related to 

changes in the environment? Work with Geography.
• Design an efficient housing block or estate. Work with Geography.
• Running a small manufacturing business (cost of materials/equipment, 

salaries, buildings, value of sales, profit). Work with Business Studies.
• Islamic design (the 17 unique tesselations of the plain). Work with Art/

Design.
• The finances of the school play. Work with Drama.
• Readability tests. How can you measure how easy documents are to read? 

Work with English.
• What is the relationship between words and symbols for numbers in 

different languages? Why are some numbers special? What number base is 
being used? (For example base twenty in French: Quatre-vingt = 80.) Work 
with Languages.
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With your colleagues, plan a series of lessons where a problem-solving task 
could be investigated across each of your subjects. Be sure to align the content 
areas so that you can build on the learning of your students in each of your 
lessons. Write down your planning and reflections on the process of discussing 
cross-curricular issues with your colleague in your Programme Notebook. 

Summary
In this Unit you will have developed your awareness of opportunities for applying 
Maths using examples from your local community and issues of local interest. Also, 
you will have considered examples that can occur across the school curriculum. 
You have seen that genuine applications take place through a process of thorough 
modelling and that the modelling skills involved in applied Maths can be developed 
systematically by your students.

We have also discussed how this way of working provides numerous opportunities 
to develop literacy, ICT and of course, numeracy skills strategically. Students working 
with genuine problems of local meaning or meaning within other parts of the school 
curriculum provides the setting for your students to really care about the issues they 
are presenting and communicating.






